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Abstract. We classify the filtered modules with coefficients corresponding to 
two-dimensional potentially semi-stable p-adic representations of the absolute 
Galois groups of p-adic fields under the assumptions that p is odd and the 
coefficients are large enough. 

Introduction 

Let p be an odd prime number, and let K he a. p-adic field. The absolute 
Galois group of K is denoted by Gk- By the fundamental theorem of Colmez 
and Fontaine [CFj . there exists a correspondence between potentially semi-stable 
p-adic representations and admissible filtered 7V)-modules with Galois action. 
The aim of this paper is the classification of the admissible filtered ((/>, 7V)-modules 
with Galois action corresponding to two-dimensional potentially semi-stable p-adic 
representations of Gk with coefficients in a p-adic field. 

UK — Q^p and a coefficient is also Qp, the classification is given in [FMi Appendix 
A] under the assumption that p > 5. If if = Qp and a coefficient is general, these 
filtered (0, A'')-modules are studied in |BM] and [Savj , and the classification is given 
by Ghate and Mezard in [GMj under some assumptions. In this paper, we generalize 
the results of |GM| to the case where X is a general p-adic field. 

The study of the admissible filtered (</>, A^)-modules is important in the p-adic 
Langlands program, and the classification in |GM| was used in [BEj to study the 
Galois representations attached to modular forms. So we could expect applications 
of our result to studies of the Galois representations attached to Hilbcrt modular 
forms. 

After writing of this paper, the author has known that there is preceding research 
|Do| on this subject by Dousmanis. The author does not claim priority, but there 
are some differences. In jDo| . a classification is given by Frobenius action, and in 
this paper, we give a classification by Galois action. Let F be a finite extension 
of K . A potentially semi-stable representation p is said to be F-semi-stable, if 
the restriction of p to the absolute Galois group of F is semi-stable. In |Do| . a 
classification of F-semi-stable representations is given for a general finite Galois 
extension F of K . In this paper, we give a class of finite Galois extensions of K 
such that any potentially semi-stable representation is i^- semi- stable for a field F 
in this class, and give a classification of _F-semi-stable representations and a more 
explicit description of Galois action of Gal(i^/ K) for F in this class, assuming p ^2. 
Then, in this paper, we first fix a large enough coefficient field, and do not extend 
it in the classification. 

This paper is clearly influenced by the paper |GM| , and we owe a lot of arguments 
to |GM| . We mention it here, and do not repeat it each times in the sequel. 
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Notation. Throughout this paper, we use the following notation. Let p be an odd 
prime number, and Cp be the p-adic completion of the algebraic closure of Qp. Let 
K he a, p-adic field. We consider K as a. subfleld of Cp. The residue field of K is 
denoted by k, whose cardinality is q. Let Kq be the maximal unramified extension 
of Qp contained in K. For any p-adic field L, the absolute Galois group of L is 
denoted by Gl, the inertia subgroup of Gl is denoted by /l, the Weil group of 
L is denoted by Wl, the ring of integers of L is denoted by Ol and the unique 
maximal ideal of is denoted by pL- For a Galois extension L of JC, the inertia 
subgroup of Ga\[L/K) is denoted by I[L/K). Let Vp be the valuations of p-adic 
fields normalized by Vp{p) = 1. 

1. Filtered (0, A^)-modules 

Let i? be a p-adic field. We consider a two-dimensional p-adic representation V 
of Gk over E, which is denoted by p : Gk —* GL{V). As in |Fonj . we can construct 
Kf)-&\gehi& Bst with a Frobenius endomorphism, a monodromy operator and Galois 
action. Further, we can define a decreasing filtration on K ®Kq -Bst- Let F be a 
finite Galois extension of if, and be the maximal unramified extension of Qp 
contained in F. Then we have i?^^ — Fq. The p-adic representation p is called 
F-semi-stable if and only if the dimension of Dst,F{V) — (i?st ®Q F)*^^ over Fq is 
equal to the dimension of V over Qp. If p is i^- semi- stable for some finite Galois 
extension F of K , we say that p is potentially semi-stable representation. 

Potentially semi-stable representations are Hodge- Tate. To fix a convention, we 
recall the definition of the Hodge- Tate weights. For i e Z, we put 

Dl,r{V) = {Cp{i) Vf\ 

Here and in the following, (i) means i times twists by the p-adic cyclotomic character 
of Gk- Then there is a G/f-equi variant isomorphism 

Cp(-z) ®K Dl,^{V) ^ Cp V 

of (Cp (8)Qj, £^)-modules. The Hodge- Tate weights of the representation V are the 
integers i such that D^^{V) ^ 0, with multiplicities dimE{D^^{V)) . 

Next, we recall the definition of the filtered ((/), TV, Gal(F/i4'), i?) -modules. A 
filtered (</>, N, Gal(F/_ft'), i?) -module is a finite free {Fq (EDq^ £')-module D endowed 
with 

• the Frobenius endomorphism: an i^Q-semi-linear, £'-linear, bijective map 
(f): D D, 

• the monodromy operator: an (Fq i?)-linear, nilpotent endomorphism 
N : D ^ D that satisfies Nc/} = p(j)N , 

• the Galois action: an i^o-scmi-linear, i?-linear action of Ga\{F/K) that 
commutes with the action of (j) and N ^ 

• the filtration: a decreasing filtration (FiP _Di?)igz of (F ®q F)-submodules 
of Dp = F®FoD that are stable under the action of G&\{F/K) and satisfy 

FiP Dp = Dp for i and Fil' Df = for i > 0. 
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Let D he a, filtered {<j), N,Gal{F/ K), E)-mod\i\c. Then, by forgetting the E- 
module structure, D is also a filtered (</>, A^, Gal(F/iir), Qp) -module. We put d = 

dimpaD. Then /\pg D is a filtered (0, A^, Ga^F/if), Qp) -module of dimension 1 
over Fq. We put 

d 

tii{D) = m&x{i e Z I Fir(F®Fo A ^) ^ 0}, t^iD) = Vp{X) 

where A is an element of that satisfies 4'{x) — Xx for a non-zero element x of 
/\^^ D. We say that D is admissible if it satisfies the following two conditions: 
. tH{D)^tN{D). 

• For any Fo-submodulc D' of D that is stable by cf) and TV, we have iH(-D') < 
t^{D'), where Dp d Dp is equipped with the induced filtration. 

By |BM1 Proposition 3.1.1.5], we may replace the above second condition by the 
following condition: 

• For any {Fq (Xiq i?)-submodule D' of D that is stable by cj) and N, we have 
<h(-D') < t^{D'), where Dp C Dp is equipped with the induced filtration. 

Let fco be a non- negative integer. By the results of [CFj . there is an equivalence 
of categories between the category of two-dimensional .F-semi-stable representa- 
tions of Gk over E with Hodge- Tate weights in {0, . . . , ko} and the category of 
admissible filtered (0, N, Gal(F/iir), i?)-modules of rank 2 over Fq (8)Qp E such that 
Fii~''°{Dp) = Dp and Fi\^{Dp) — 0. This equivalence of categories is given by 
the functor Dgt^p defined above. The aim of this paper is the classification of the 
objects of later categories under the assumption that E is large enough. 

2. Preliminaries 

Let p : Gk GL{V) be a two-dimensional potentially-semi-stable represen- 
tation over E. We assume that p is i^-semi-stable, and put D — Dst.p{V). We 
recall the definition of Weil-Deligne representation associated to p. Now we have 
Wk/Wp = Gal{F/K). Let niQ be the degree of the field extension Kq over Qp. 
We define an i^o-linear action of g G Wk on D by {g mod Wp) o (^-™o"(ff)^ where 
the image of g in Gal{k/k) is the a{g)-th power of the g-th power Frobenius map. 

We assume that Fq C E. According to an isomorphism 

af.Fo^E 

we have a decomposition 

n ^- 

di-.Fa'^E 

Here and in the sequel, cTj is an embedding determined by the (— i)-th power of the 
p-th power Frobenius map for 1 < i < [Fq : Qp]. Then Di, with an induced action 
of Wk and an induced monodromy operator, defines a Weil-Deligne representation. 
The isomorphism class of this Weil-Deligne representation is independent of choice 
of F and Ui (cf. |BM[ Lemme 2.2.1.2]), and is, by definition, the Wcil-Dcligne 
representation WD(p) attached to p. 

We note that, in the above decomposition of D, the Frobenius endomorphism 
(j) induce i?-linear isomorphism cj) : Di — > Di+i. Naturally, we consider a suffix i 
modulo [Fo : Qp], and we often use such conventions in the sequel. 
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A Galois type r of degree 2 is an equivalence class of representations t : Ik 
GL2{Qp) with open kernel that extend to representations of Wk- We say that 
an two-dimensional potentially semi-stable representation p has Galois type r if 
WD(p)|/^ ~ T. The potentially semi-stable representation p is F-semi-stable if 
and only if rj/^ is trivial. 

For a group G, an element g G G, a normal subgroup H oi G and a character 
X : ff ^ Qp , we define a character ■ H Qp by x^(^) — x{ghg~^) for h € H. 
We have the following classical lemma. 

Lemma 2.1. Let t be a Galois type of degree 2. Then t has one of the following 
forms: 

(1) T ~ Xi\ik ©X2|/jt; where Xi, X2 are characters of Wk finite on Ik, 

(2) T ~ Ind{^^^ (x)|/^ = x\ik ®X'^\ik7 where K' is the unramified quadratic 
extension of K , x 'is a character of Wk' that is finite on Ik' and does not 
extend to Wk, and a is the generator of Gal{K' / K), 

(3) T ~ Ind{^^^ (x)|/jf , where K' is a ramified quadratic extension of K , and x 
is a character of Wk' such that x 'is finite on Ik' and xli^' does not extend 
to Ik- 

To avoid the problem of the rationality, we assume that is a Galois extension 
over Qp, F C E and the following: 

For allp-adic fields K' such that K C K' C F a.nd [K' ■.K]<2, and 
for all characters x of Wk' that are trivial on Ip, the restrictions 
x|/^, factor through E^ . 

In the sequel, let p : Gk GL{V) be a two-dimensional potentially semi-stable 
representation over E with Hodge- Tate weight in {0, . . . , /cq}: and r be its Galois 
type. 

Lemma 2.2. (cf. [GM\ Lemma 2.3]) If p is not potentially crystalline, then t is a 
scalar. 

Therefore, there are following three possibilities: 

• Special or Steinberg case: N and t is a scalar. 

• Principal series case: = and r is as in (1) of Lemma [2. II 

• Supercuspidal case: N = and r is as in (2) or (3) of Lemma [HT] 

Next, we study the structure of the filtrations. We assume p is i^- semi- stable, 
and take the corresponding filtered ((/), A^, Gal(F/ AT), i?) -module D. We have a 
decomposition 

F®Q,E^ n ^= n ( n n 

where fp and j are Qp-embeddings and we put 

E, = n ^- 

iF--F'~-*E,jF\K=i 

According to the above decomposition, we have decompositions 
Df= Dp.j avAY\\' Df= n Fil}L>i.. 

y.K'^E j-.K-^E 
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Because FiV Dp is Gal(F/iir)-stable, Fil* Df is free over Ej. We take integers 
< kj^i < kj^2 < ^0 such that 

Dp i Fir''^'" Dp 2 FilJ"''^'' Dp = Fih'"'-' Dp D FilJ"''^^^ Dp = 0. 

Then the Hodge- Tate weights of p are yjj.x^p{kj^i,kj^2}- 
We are going to prepare some lemmas. 

Lemma 2.3. There is a Gal{F / K) -equivariant isomorphism 

F®kE ^ Ej 

of E-algehra. 

Proof. Let jo be a natural inclusion K C E. Take an extension jp ■ E ^ E of 
j : K ^ E. Then a Gal(F//'ir)-equivariant isomorphism 

n n ^ 

jF-F^E,jF\K=jo jF-F-^E,jF\K=j 

of _E-algebra is given by sending jj?-components to {jp o j_F)-components. □ 

Lemma 2.4. Ifkj^i < kj,2, then Fil^ Dp C Dp,j is spanned by a Galois invari- 
ant element over Ej . 

Proof We have to show that {G&\{F / K) , E^) = 0. By Lemma O Ef is 
isomorphic to [F ®k E)^ , and it is further isomorphic to Ind'^f^j^y^^^ E^ . By 
Shapiro's lemma, H^{Gal{F/K),lndf^^l^^^'' E"") = H\{idp}., E"") =0. □ 

Lemma 2.5. Let K' , M he p-adic fields such that K C K' C M C F and M 
is a Galois extension of K' . Let x '■ Gal{M/ K') — > E^ be a character. We put 
m = [K' : K] . Then there exist Xi, . . . , x^ G M (Eik E that satisfy the followings: 

• For X e M (giK E, we have gx = (l ® xig)^^)^ for all g e Gal{M/K') if 
and only if x = YlTLii^ ® a,i)xi for Oi G E. 

• For Oi e E, we have CLi)Xi £ (M ®k E)^ if and only if Oi ^0 
for all i. 

Proof. We have a decomposition 

m^ke^ n ^= n ( n n 

jM-.M^E j'-K'^E\jj,,:M^E,jM\K'=r ' j'-K'^E 

where Jm and j' are if-embeddings and we put 

E,' = n ^- 

]M-M^E,jM\K'=J' 

Let {xji )ji € Yij'-K'^E ^j' be the image of x under the above isomorphism. Then, 
gx — (l ® x{9)~^)x for 9 G Ga,l{M / K') if and only if gXji = x{9)~^Xj' for 
all g e Gal(M/iC') and aU / : K' ^ E. Further, x e {M ®k EY if and only 
if Xji e E^, for all j'. As in the proof of Lemma 12.31 we can show there is a 
Gal(M/i4r')-equivariant isomorphism M ®k' E ^ Ej' of i?-algebra. So, to prove 
this Lemma, it suffices to treat the case where m — 1. 
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We assume that m = 1. Take a G Af such that g{a) for g E Ga,l{M/K) form a 
basis of M over K. Then x £ M ®k i? can be written uniquely as 

® ag 

geGa.\{M/K) 

for Ug e E. If = (l (g) xei)^^)^; for all ft- G Gal(Af/i4'), we have a^j^-ig = 
X^^(h)ag for all g,h E Ga\{M/K). By putting ai = OidMi '^6 have 

a::=(l(g)ai) ^ 5(a) ® 

It suffices to put xi = EgeGai(M/K) X(5)- 1^ 

3. Classification 

3.1. Special or Steinberg case. In this case, r ~ x\ik ®x\ik foi' some character 
X of Wk that is finite on Ik, and there exists a totally ramified cyclic extension F 
of such that x\if is trivial. So we may assume that p is i^-semi-stable, and x 
determine the action of Ga\{F/K) on D, which is again denoted by x- 

Since Ncj) = p(j)N, we have that KeriV is (/)-stable and free of rank 1 over Fq^q^E. 
So we can take a basis ei, 62 of D over Fq^Qj^E^ such that A^(ei) ~ 62 and N{e2) — 0. 
Again by Ncj) — p<j)N, we must have (f>{ei) = ^ei + 762 and (j){e2) — ^62 with 
a G {Fq (g)Qp E)^ and 7 e f (^q^ ii^. Modifying ei by a scalar multiple of 62, 
we may assume 7 = 0. Let {ai)i S Yia -Fq^e ^ image of a under the 

isomorphism 

Fo s ^ n ^• 

Then, by calculations, we have 

tH{D) ^ ^[E : K] J2 ihi + h2), 

j-.K-^E 

MD) = [E : Fo] (mo - 2 ^ Vpia,)] . 

So the condition t}i{D) = t-[<s{D) is equivalent to that 

2[K : Ko]J2Ma^) = + %,2 + !)• 

i j 

For j : K ^ E satisfying fcj 1 < fcj.2, by Lemma I2.4i we take aj,bj e i?j such 
that Fil^ '^^■^ Z3i? = Ej{ajei + bje2), and (fljei + bje2) is Gal(F/ii')-invariant. We 
note that aj = or aj e E^ and that 6j = or bj e Sj* . 

The only non-trivial (0, Af)-stable (Fq (^q^ i?)-submodule of D is D2 — (Fq (^q^ 
F)e2. By calculations, we have 

tH(i?^) = -[i?:i^]| 5] ^ A;,-2+ ^ k,X 
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So the condition tii{D2) < t^{D2) is equivalent to that 

[K : Ko] Vp{a^) < ^ hi + ^ %,2 + ^^.2. 

i aj—O aj^O ^j.i— fcj,2 

Since {ajei + 6^62) is Gal(i^/iir)-invariant, g e Gal(F/_ft') acts on aj and 6j by 
xid)^^- By Lemma 12.31 and Lemma |2.5[ there is xi S Ej such that aj = a'^xi and 
6j = bjXi for a^ , 6^ e E. Then, for j such that aj ^ 0, 

Fil^- Z3i? = Ej{a'jXiei + 6^X162) = Ej{ei — £^-62) 

for e 

To summarize, Z? = {Fq ®Qj, i?)ei © {Fq E)e2 with 
A^(ei) 

for a e (Fo EY, 

gei = x(ff)ei, 362 = x(5)e2 

for g e Gal{F/K) and 



P 1 

7V(ei) = 62, iV(62) = 0, 0(61) = —61, 0(62) = —62 

a a 



Ej{ei - £^62) for £j G if J e ^2 



Fil, D 



F 



for J such that kj^i < fcj.2, where 

2[K : i^o] E «f = E(^^M + ^^-.2 + 1), 

i j 

and /i,/2 are any disjoint sets such that /i U /2 = {j \ fc^j < ^,2} and 

3.2. Principal series case. In this case, r ~ Xi\ik ® and = 0. We can 

take a totally ramified abelian extension F of if such that Xi\if and X2\if are 
trivial. Then xi and X2 determine the action of Ga,l{F/K) on D, which is again 
denoted by the same symbols. 

3.2.1. Irreducible case. First, we assume that Xi|//f — X2I/K and D has no non- 
trivial (/)-stable {Fq ©q^ i?)-submodule. In this case, we say that (j) is irreducible. If 
not, we say that (j> is reducible. We put x ~ Xi- 
Take bases e^.i, 6^,2 of Di over E for all i so that 

0(61,1) = a62,l + 662,2, 0(61,2) = 662,1 + ^62,2 

for a, b,c,d ^ E, and 

0(6i,l) = 6i+i,i, 0(61,2) = 6i+i,2 

for 2 < i < rriQ. Since is irreducible, 6 7^ and 6 7^ 0. Modifying 6i,i by a scalar 
multiple of 6^,2, we may assume d = 0. If X'^ — aX — be is reducible in by 
replacing the bases, we can see that is reducible. This is a contradiction. So 
X"^ — aX — be is irreducible in 

Conversely, we suppose that a, 6, c G E are given, d = 0, and X^ — aX — be 
is irreducible in Then the above description determines an endomorphism 
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4>. We prove that this endomorphism (p is irreducible. If (p is reducible, there are 
At e GL2{E) such that 

C 0; 



have that A^ [ ^ ^ 1 Ai is an upper triangular matrix. This contradicts that 



are all upper triangular matrices. Then, multiplying these matrices together, we 
-I I a 

— aX — be is irreducible in 

As above, the endomorphism cj) is given by a, b,c ^ E such that X^ — aX — be is 
reducible in Now, by calculation, we have 

tu{D) = -[E : K] J2 ihi+h2), 

j-.K-^E 

t^iD) = [E : Fo]vpibe). 
So the condition tB_{D) = t^{D) is equivalent to that 

-[K : Ko] Vpibe) = ^(fc^- 1 + fcj, 2). 

Since p is irreducible, D has no non-trivial (</>, A^)-stable (Fq £')-submodule. 
So there is no condition on the filtrations. For j such that kj^i < fcj_2, by Lemma 
12.31 Lemma 12.41 and Lemma 12.51 we have 

Filj'"''' Dp = EjiajBi + bje2) 

for {a,,b,)eP\E). 

To summarize, D = (Fq ^q^ E)ei © {Fq (g)Qp £;)e2 with TV = 0, 

0(eia) = ae2a + ce2,2, 0(ei,2) = ^62,1 

for a, 6 G F^ such that — aX — be is irreducible in 

0(ei4) = ei+1,1, 0(61^2) ej+1,2 

for 2 < i < Too, 

.gei = x(5)ei, 562 = xisYi 
for 5 e Gal(F/i4r) and, for j such that kj,\ < kj^2, 

Filj'"'-' Dp = Ejittjei + bje2) 
for (aj ,6j ) G P^(F), where 

-[K : Ko] Vp{bc) = ^(/cj.i + fcj,2). 
i 

3.2.2. Non-split reducible ease. If D has two or more non-trivial 0-stable (FQ(E)(}pE)- 
submodules, we say that (f) is split. If not, we say that 4> is non-split. We assume 
that Xi\ii^ = X2I/K ^^'^ that cj) is non-split and reducible. We put x — Xi- 

Since 4> is reducible, we can take bases ei_i,ei^2 of Di over E and ai,bi,di G -B 
for all I so that 

0(ej,i) = aiCi+i^i, (/)(ei,2) = hei+i^i + rfiej+i,2 

for all i. Replacing the bases, we may assume that ai ~ di — 1 and 6^ = for 
2 < i < n. Since 4> is non-split, ai ~ di ^ and bi ^ 0. We put a — ai and b = bi. 
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Conversely, we suppose that a,b £ are given. Then the above description 
determines an endomorphism (j). We prove that this endomorphism <j) is non-spht. 
If (j) is spht, there are Ai € GL2{E) such that 

(o a) ^^'^2, ^4 ^3, . . . , A-^Arao 

are all diagonal matrices. Then, multiplying these matrices together, we have that 
( n ^ ) ^1 is a diagonal matrix. This contradicts that 6^0. 



^0 aj 

As above, the endomorphism (p is given by a, 6 G . The condition tii{D) = 
t^{D) is equivalent to that 

-2[K : Ko] Vpia) = + kj,2). 

j 

Now we have bases e^^i, 6^.2 of Di over E such that 

0(ei,i) = ae2,i, (/'(ei,2) = ^62,1 + 062,2 

for a,b € E^ , and 

</'(ei,i) = 61+1,1, 0(61,2) = 6^+1,2 
for 2 < i < niQ. Let 61,62 be a basis of Z) over Fq (>^q^ E determined by (ei,i)i, 
{^1,2)1 under the isomorphism D ^ Yii ^i- 



For j : K ^ E satisfying kj^i < kj,2, by Lemma I2.4i we take aj,bj G Ej such 
that FilJ Dp = Ej{ajei + 6^-62), and (a^ei + 6^62) is Gal{F/K) -invariant. 

The only non-trivial (0, Af)-stable {Fq i?)-submodule of D is D[ = (Fq (^q^ 
E)ei. The condition tYi{D[) < t^{D[) is equivalent to that 

-[K : Ko] Vpia) < hi + + 

As in the special or Steinberg case, for j such that hj ^ 0, 

Filj''^-' Dp = Ej{-Zjei + 62) 

for Zj £ E. 

To summarize, D = (Fq E)ei © (Fq (g)Qp F)62 with TV = 0, 
(/)(ei,i) = 062,1, <A(ei,2) = ^62,1 + ae2,2 

for a,b e E^, 

0(ei,i) = 6^+1,1, 0(61,2) = ei+1,2 

for 2 < i < mo, 

.gei = x(5)ei, 362 = x(5)e2 

for 5 e Gal(F//s:) and 

pil-...^^^|^.ei if,e/i, 
^ |Fj(-£j6i + 62) for £j eE ii j e h 

for J such that kj^i < fcj,2, where 

-2[K : Ko] Vpia) = ^(fcj,i + ^^,2), 
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and /i,/2 are any disjoint sets such that hU I2 ^ {j \ kj^i < kj,2} and 
-[K : Ko] Vp{a) < ^ fc^, 1 + ^ fc^, 2 + J2 '^J'^- 

3.2.3. Split case. The remaining cases are the fohowing two cases: 

• Xi\ik = X2\ik and (f> is spUt. 

• Xi\ik ^ X2\ik- 

First, we assume that Xi\ik X2\ik- Let 61,62 be a basis of D over Fq (^q^ E 
such that Gdl{F/K) acts on 61 by xi and 62 by X2- We put 

0(61) = aei + 762, 0(62) = I3ei + (5e2, 

where a, f3,j,S G Fq E. Since </) commutes with the action of Gal(F/X) and 
Xi\ik 7^ X2|/k; have (3 — ^ — Q. So, in the both cases, we may assume that (j) is 
spht. 

We take bases 6i_i, 6^,2 of Di over E so that 

0(61,1) = 062,1, <^(6l,2) = 662,2 

for some a, 6 G E'^ and 

0(ei,i) = 6j+i,i, 0(61,2) = ei+1,2 
for 2 < i < tuq. Let 61,62 be a basis of D over i^o ^ determined by (6^,1)^, 

(ei,2)i under the isomorphism f — ^ Hi ^i- 

Then the condition tii{D) = t]:^{D) is equivalent to that 

{S) [K:Ko]vp{ab)^J2(hi+h2)- 

j 

For j : K ^ E satisfying kj^i < fc_,-,2, by Lemma 12.41 we take aj,bj G Ej such 
that Fil^- '^^'^ Dp = Ej(ajei + 6^62), and (a^ei + 6^62) is Gal(i^/A')-invariant. 

Since (a^ei + 6^62) is Gal(F/ii')-invariant, g G Gal(F/_ft') acts on aj and bj 
by Xi(<7)~^ and X2{g)~^ respectively. By Lemma 12.31 and Lemma 12.51 there are 
xi,X2 G Ej such that aj — a-jXi and bj — bjX2 for a^, 6^ G i?. Then, for j such that 
aj ^ and bj ^ 0, we have 

Filj- '^^■^ Di? — Ej{a'jXiei + 6^x262) = £^i(6i — £,jXoe2) 

for £j G E^ , where we put xq — Xi^X2- 

If a 7^ 6, the non-trivial (0, iV)-stable (Fq iJ)-submodules of D are D'l = 
(Fq i?)ei and D2 = {Fq (gjQ^ i?)62. The condition tii{D[) < t]^{D[) is equivalent 
to that 

[K : Ko] Vpia) < ^ /c,, 1 + ^ fcj,2 + ^ /c,, 2. 

The condition in (-02) < t^{D2) is equivalent to that 
[K : Xo] t'plfo) < hi + + 

aj— aj^Q kji—kj2 

li a = b, the non-trivial (0, 7V)-stable (_fo (Xiq^ i?)-submodules of I? are D[, 
D'2 and £>;;, = (Fq (g)Qp £:)(ei £62) for £ G F^. For £ G F^, the condition 
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tii{D'2) < t^iD'^) is equivalent to that 

(S^) [K : Ko]vpia) < ^ %,2 + ^ fc,-2 

where 

[{ji? : I j>-component of £,jXo G -Ej is £}| 

If tj{2,£j) < 1/2, the condition (Sn) is automatically satisfied by the condition 
{S). 

We assume that tj{£,,£,j) > 1/2. Then we have 



Ker(xiX2"' :Gal(F/if)^Q;) 



1 



[F:K] 2' 
because Gal{F/K) act on xq by X1X2 ^- This implies that Xikit = X2\ik 

XO = {XE)jp ^ W ^ 

jp-F^E, jF\K=i 

for some xe G ■ Then £,jXE = £ and £j) = 1. 

To summarize, D = {Fq Oq^ £')ei (i=o Oq^ -E')e2 with N = 0, 

<A(ei,i) = 062,1, '?^(ei,2) = ?>e2,2 



for a,b G and 
for 2 < i < mo and 



0(ei,i) = ej+1,1, (?i(ej,2) = ei+1,2 



{Ejei iijeh, 
E,e2 ifjGJs, 
£;j(ei - ZjXoe2) for £j G E^ if j G /s 

for j such that fcj^i < kj^2, where 

[K : Ko\ vp{ab) = ^(^i.i + h^), 
j 

and /i, /2, -^3 are any disjoint sets such that /i U /2 U /a = {j \ kj^i < fcj,2} and 
[K : Ko] Vpia) < ^ %,i + ^ /c^, 2 + ^ ^J'^' 

[i^ : i^o] ^^p(6) < E fc^M + E + E 

and, if a = 6 and Xi|/k = X2I/K, further 

for all£ei;^. 
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3.3. Supercuspidal case. In this case, = and t ~ Ind^^^^ for a qua- 

dratic extension K' of K and a character x of Wk' that is finite on Ik' ■ Let k' be 
the residue field of K' . We take a totaUy ramified abeUan extension L of K' such 
that x\il is trivial. 

For a uniformizer tt' of K' and a positive integer n, let if^, „ be the Lubin-Tate 
extension of K' generated by the 7r'"-torsion points. For any p-adic field M and a 

(n) 

positive integer n, we put U\i = 1 + p^,^. Then we have 

For any p-adic field M and a positive integer m, let Mm be the unramificd extension 
of M of degree m. 

3.3.1. Unramified case. We first treat the case in (2) of Lemma [2.11 where K' is 
unramified over K and x does not extend to Wk- We take a uniformizer tt of K . 
This is also a uniformizer of K' . We take positive integers mi and rii so that L is 
contained in Kl-^_^K'^ and put F = K'„^_^K'^ Then p is crystalline over F, and 
F is a Galois extension of K. 

We put f{X) = ttX + Xi\ For a positive integer n, let /("H^) be the n- 
th iterate of f{X). We take a root 9 of f'^'^^\X) in i^; „^ that is not a root of 
Then /s:; „^ = if'(6'). We can see that K{e) is a totally ramified 
extension of K and that F is an unramified extension of K{6) of degree 2mi. Now 
the restriction Ga\{F/K{9)) — * Gal(if^yi4r) is an isomorphism, and Gal(F/if) is 
a semi-direct product of Ga\{F/K{0)^ by Gal(F/iir^J. We take a generator a of 
Ga\{F/ K{9)). Then the restriction a\K' is the non-trivial element of G&\{K' / K). 

We consider a decomposition 

of abelian groups such that (7(71) = 71 for 71 G C/n;^.+ and (7(72) = 72^"'^ for 72 £ 
Uni,-- There is an exact sequence 

where the first map is induced from a natural inclusion and the second map is 
induced from a map 

Then, by the above exact sequence, we see that 

and \Un,M = |f/„,,_| =<z"i-i. 

Now, the restriction Gal(F/i4r,'„ J Gdl{K'^ ^_^/ K') is an isomorphism. Then 
we can prove that, under an identification 

Gal(F/i^:„J - G^\{K.,JK') - fc'" X Un,^+ X [/„,,^, 

we have 

(*) a^^6(T = S'' , a^^'-fia = 71 and a^^'f20' = 

for (5 e fc'^, 71 e and 72 e 

Considering x\ik ^ character of 

I{FIK) fc'^ X Un,,+ X (7„,,_, 
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we write X = ' Xi ' X2; where lo is the Teichmiiller character, s is an integer, 
and xi and X2 are characters of Un-i,+ and Um,- respectively. The condition that 
X does not extend to Wk is equivalent to that x 7^ x'' on Wk': and it is further 
equivalent to that x 7^ x"^ on Ik' ■ This last condition is equivalent to that s ^ 
mod (7 + 1 or X2 7^ 1- 

Now we have [Fq : Qp] = 2momi. We take bases e^^i, ei^2 of Di over E for 
1 < i < 2momi so that 

(5ei,i = a;''((5)ej,i, 716^4 = Xi(7i)ei,i' 726,4 = X2(72)ei,i, 

(5ej,2 = ^^"((5)6^, 2, 7iei,2 = Xi(7i)ei,2, 726,^2 = X2(72)~^ej,2 

for (5 e A:'^, 71 e and 72 e C/m,-- 

Since a takes to Di+mo , we have that 

for some 0^+^01 ^i+mo £ by (*). Because a'^™^ = 1, we see that 

mi 

J^(ai+2;mo-mo^i+2imo) ~ ^ 

1=1 

for all i. Replacing e^^ and ei^2 by their scalar multiples, we may assume that 

O'Gi.l = ei+ma,2, 0&i,2 = Gi+mQ.l- 

Since takes to ZJ^+i and commutes with the action of I{F/K), we have 
that 

'/'(e^.i) = ei+14, (j){ei^2) = T, ei+1,2 

Ckj+i Pi+i 

for some ai+i,/3i-(-i G for all i. Since <j) commutes with the action of cr, we 
have Ui = A+mo and /3i — o-i+rno for all i. Replacing and ei^2 by their scalar 
multiples, we may further assume that ai = (3i = 1 for 2 < i < rriQ. 

Let ei, 62 be a basis of D over Fq (X)Qp -B determined by (ei^)^, (6^,2)1 under the 
isomorphism D ^ Y[i Di- Then aei = 62 and ae2 = ei. 

The condition tnl-D) = t^{D) is equivalent to that 

(U) [K : K„] VpiaiPi) = Y.^k,,i + fc,- 2). 

j 

For j : K ^ E satisfying fcj 1 < fcj.2, by Lemma [2.41 we take aj,bj G Ej such 
that Filj '^^■^ Dp — Ej{ajei + 6^62), and (ajei + 6^62) is Gal(F/if )-invariant. By 
a{ajei + 6^62) = (flj-ei + ^^62), we get (T(aj) = 6j and cf{hj) — aj. So e if 
and only if bj G . 

Since (0^61 +(7(0^)62) is Gal(F/i4r)-invariant, <j'^(aj) — aj and g G I{F/K) acts 
on aj by x(ff)~^- We prove that there are Xj^i,Xj,2 G -Bj such that 

• aj satisfies the above condition if and only if aj = aj^iXj^i + aj,2Xj,2 for 
some Oj i, aj 2 € E, 

• for aj4,aj,2 G we have aj^iXj^i + aj_2Xj^2 G if and only if i =/= 
and a_,-^2 7^ 0. 
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By Lemma [2.31 we may replace Ej by F ®k E. Then cr^(aj) = aj if and only 
if aj e K'.,^_ni ®K E. By Lemma [231 we get the claim. We put Xj{aj,i,aj^2) = 
'^JA^jA + %.22;j,2 and Xj {aj^i, aj^2) = <^j.2)) ■ Then we have 

pjj-fcj.i jj^ ^ Ej[xj{aj^i,aj^2)ei + a:^J(aj,i, aj,2)e2) 

for (ajM,aj,2) e P^^^)- 

The non-trivial (0, Af)-stable (Fo(8)Qpi?)-submodules of Z? are D[ — (i^o'X'Qp-E)ei, 
D'2 ^ {Fo «)Qp E)e2 and = (i^o ®Qp £^)(ei - £62) for £ e (Fq Oq, satisfying 
the following: 

If £ corresponds to (£i)i under the isomorphism 

Fo s ^ n 

a-i-.Fo'^E 

then £i+i = ^^£i for all i. 
The condition tii{D'i) < tj^{D'i) is equivalent to that 

the condition iH(-02) — ^n(-^2) equivalent to that 

j . 1 j . 2 — a j , 1 j , 2 7^0 , 1 — fcj , 2 

and the condition ^h(^£) ^ ^n(^£) is equivalent to that 

+ E {*i(-^'("jM:ai,2))fcj,i + (1 - ^^(-2, (ai,i,aj;2)))fcj,2}, 

where 

a:J(aj,i,Oj,2) 



{jF : £^ I ji.-component of G is -£,^} 



tj(£,(aj-i,aj-2)) - [F-K] 

Here and in the sequel, £jp is the jir-component of £ G i^o KiQp E <Z F E. 
If (£, (oj^, aj.2)) < 1/2, the condition {Us:) is automatically satisfied by the 
condition (U). 

To prove that (£, (aj,i, aj_2)) < 1/2, we assume that (£, (oj^i, aj_2)) > 1/2. 
We consider a decomposition 

li n ( n 4 

Then there is jeq : Fq '-^ E such that j>„ | /<- — j and 

|jF : F ^ E jfIfo = jFo and jF-component of !^'.|°^'_''^'°;^_'^) € is -£jj.| 
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is greater than 1/2. Here £,jp is independent of jp such that JfIfo — JEq, because 
S, & Fq ®q E. Then we have 



Ker 



(xixn-^ ■■ HF/K) 



1 

> 77. 



[F:Fo] 2' 

because I{F/K') act on Xj [aj^i, aj.2) / [xj{aj^i, aj.2)) by x(x'^)^^- This imphes that 
x\ik' ~ xf\iKi ' ^'^^ contradicts the condition that x does not extend to Wk- Thus 
we have proved that aj,2)) < 1/2. 

To summarize, D = {Fq (S)q^ E)ei © {Fq E)e2 with N = 0, 

0(ei,i) = — ei+1,1, (/'(ei,2) = -3-61+1,2, if i = (mod 2mo), 
ai Pi 

0(ei,i) = — ei+1,1, (/'(ei,2) = — 6^+1,2, if i = mo (mod 2mo), 
Pi "1 

</>(ei,i) = ei+1,1, (?!'(ei,2) = ei+1,2, if i ^ (mod mo) 

for ai,/3i G E^ , 

crei = 62, cre2 = 61, gei = (l (g) x(5))6i, 562 = (l x'^(5))62 
for g G I{F/K) and, for j such that /c^ 1 < fc^ 2, 

pjj-fcj.i ^ Ej[xj{aj^i,aj^2)ei + a:^J(aj,i, aj,2)62) 
for (aj,i,aj,2) £ P^(i?) where 



[K : Xo] 1^^(^1/31) = 5j(%,i + A:,, 2) 

and 



E^.^i+ E ^^^^^y^<[if:^o]«.(ai)<E^.^^- E ^^'^M^' 

j ajiaj, 2=0 j aj,iaj_2=0 



3.3.2. Ramified case. Next, we treat the case in (3) of Lemma 12.11 where K' is 
ramified over K and x\ik' does not extend to Ik- 

Let to be the non-trivial element of Ga,l{K' /K). We take a uniformizer tt' of K' 
such that ^0(77') = —77'. Then we have {K'^, — K'_^, „ for a positive integer n and 
any lift l G of lq. So X^, „ is a Galois extension of K. By the class field 

theory, the abelian extensions K'^, ^ ^"^^ ^'-n'.n ^' correspond to (77') x (1+p^,,) 
and (—77') X (1 + p^,) respectively. Then the abelian extension K'^, n^Ly^i „ of K' 
corresponds to (77'^) x (1 So we see that K'^,^^K'_^, ,^ ^ ^2-^4',„- 

We take positive integers mi and ni so that L is contained in iCj^^^-ftT^' 2ni+i; 
and put F = Kl^^^K'^, 2ni+i- Then is a Galois extension of and p is crystalline 
over F because t\ip is trivial. 

We consider an exact sequence 

(0) 1 ^ Gal(i^/i^') ^ Ga\{F/K) Gal{K'/K) 1. 

Since the restriction Ga^i^/i^jm^) ^ Gal(i^^4, 2rii+i/-^') isomorphism, 
Gal(F/if') = Gal(^^/<,,2„^+i) x Gal(^^/i<r^„ J 

= Gal(^^/<, ,„^+i) X fc'^ X (L^^V/C/^^-+^^). 
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Let a be a generator of Gal(i^/iir,r',2ni+i), and (5o be a generator of fc'^. 

We prove that the exact sequence (^) does not spHt. We assume there is a 
lift L € G'dl(F/K) of to such that = 1. By multiplying l by an element of 
Gal(F/i4:;,_2„^+i) C Ga\{F/K'), we may assume that t S I{F/K). Let P{F/K) 
be the wild ramification subgroup of I{F/K), and F{F/K) be the tame quotient 
group of I{F/K). Let i be the image of t in F(F/K). li Z ^ 1, we multiply t by 
the element (5^"^"^^^^ of A;"" C Gal(F/ii:^„J. Then we have (, G P{F/K), but this 
contradicts that p ^ 2. Thus we have proved the claim. 

For any lift l G Ga\{F/K), we have G Gal(F//C'). Since the exact sequence 
(<^) does not split and p ^ 2, multiplying l by an element of G&\{F/ K'), we may 
assume that = 5q and b G I{F/K). We fix this lift l in the sequel. 

We consider a decomposition 

of abelian groups such that to(7i) = 7i for 71 G f72ni+i,+ and (-0(72) = 72^^ for 
72 G f72rai+i,-- There is an exact sequence 

1 ^ /-/-(l) //■7-("i+^) ^ T-f^^) /7-7-(2"i+l) _^ rr(l) /7-r(2ni+l) 

where the first map is induced from a natural inclusion and the second map is 
induced from a map 

Then, by the above exact sequence, we see that 

TU . ~ rr(i) /rr("i+i) tt , ~ 7-7(1) //'/-r(i)7-r(2"i+i)\ 
U2ni+1,+ — /Uj^ , U2ni+1,- — Uj^, /[Uj^ U j^, ) 

and |/72„i+i,+ | = |f/2ni+i -I = 

We can prove that, under an identification 

Gal(F/A:^„J - Gal(A:;,,2„^+i/i^') - fc'" X ;72„,+i,+ X i72„,+i,-, 

we have 

L~^Si. = 6, L~^jii = 71 and L~^'y2t- = 72"^ 

for (5 G A;'^, 71 G U2ni+i,+ and 72 G U2ni+i,-- 

Since K'^, 2ni+i '^ot a normal extension of K, we have t~^at ^ a. We put 
K" = K'^, 2ni+i-^'-7v' 2ni+i- Then ct^ is a generator of Gal(F/iV'"), and i determines 
an automorphism of K" . So we have = a^. Since f7~^t~^(Tt is an element of 

Ga\{F/K') of order 2 and fixes -^^2^1) it is 6q'^~^^^^. Hence we have 

Considering x|/^, as a character of 

I{F/K') ^ fc'^ X U2n,+1,+ X C/2„i + l,-, 

we write X = '^^ " Xi " X2) where co is the Teichmiiller character, s is an integer, 

and xi and X2 are characters of U2ni+i.+ and U2ni+i,- respectively. The condition 
X does not extend to Ik is equivalent to that x 7^ on Ik', and it is further 
equivalent to that xi 7^ 1- 
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Now we have [Fq : Qp] — 2momi. We take bases ei,i, ei,2 of Di over E for 
I < i < 2momi so that 

ie^,! = 6^,2, <5ej,i = w*((5)ej,i, 716^,1 = Xi(7i)ei,i, 726,4 = X2(72)ei,i, 

iej,2 = w*((5n)ei4, (56^,2 = ((5)6^,2, 7iej,2 = Xi(7i)ej,2, 726^,2 = X2(72)~^ej, 2 

for (5 e A:"* , 7i e C/„i^+ and 72 G C/„i,-- 

Since cr takes Di to Di^mo: in unramified case, we may assume that 
o-Ci^i = a+rnoA- Then we have that crej,2 = (-l)^ei+mo,2 by (*). 

Since (f> takes to Ui+i and commutes with the action of I{F/K), we have 
that 

(^(61,1) = 0(64,2) 61+1,2 

for some a.i+i G i?'* for all i. Further, since (j) commutes with the action of cr, we 
have tti = cki+mo for all i. Replacing 6^,1 and 6^,2 by their scalar multiples, we may 
further assume that ai = 1 for 2 < i < mo- 

Let ei, 62 be a basis of Z? over Fq i? determined by (6i,i)i, (6^,2)1 under the 
isomorphism D — > J^- D^. Then crei = ei and ae2 = (— l)''e2. 

The condition tii{D) = t-!<s{D) is equivalent to that 

(i?) 2[X : Ko] Vpiai) = ^(fc,- 1 + %2). 

i 

For j : K ^ E satisfying fcj 1 < fcj.2, by Lemma 12.41 we take aj,bj e Ej such 
that Filj- '^^•^ Z^i? = Ej{ajei + 6^62), and (flj-ei + 6^62) is Gal(F/iir)-invariant. By 
i(ajei + 5^62) = (aj6i + bje2), we get t(aj) = 6j and L{bj)uj'^ {5^) — aj. So aj £ E^ 
if and only if bj G . 

Since [ajCi + i(aj)e2) is Gal(F/iir)-invariant, cr(aj) = and g E I{F/K') acts 
on Qj by x(5)~^- We prove that there are Xj^i, Xj^2 G Ej such that 

• aj satisfies the above condition if and only if aj — aj iXj,i + flj. 22^^,2 for 
some ttj,!, aj^2 G E, 

• for aj,i,aj,2 G E, we have aj^iXj^i + 0^,22;^, 2 G -Bj* if and only if aj,i 7^ 
and aj.2 7^ 0. 

By Lemma [2.31 we may replace Ej by F i?. Then a{aj) = Uj if and only if 
aj G K'^, 2ni+i ®K E. By Lemma [2.51 we get the claim. We put (0^,1, 0^,2) = 
^i,i^i,i + '^i,22;j,2 and a::^-(aj,i, aj,2) = '•(a;j(aj,i, aj,2))- Then we have 

pj^-z^j,! ^ Ej(xj{aj^i,aj^2)ei + a;^- (0^4, 0^,2)62) 

for (aj, 1,0^-2) G PH£^)- 

The non-trivial (0, Af)-stable (_Fo®Qp-E')-submodulcs of Z? are D[ = {Foi^Q^E)ei, 
D'^ = {Fo (g)Qp Z;)e2 and D'^ = (Fq (g)Q^ E){ei - £63) for £ G F^. The condition 
tuiD'i) < tN(^i) is equivalent to that 

and this condition is automatically satisfied by the condition (i?,). The condition 
^hC-Dj) < t^{D2) is also equivalent to the same condition. For £ e F^, the 
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condition tuiD'^) < tj<s{D'^) is equivalent to that 

[K ■.Ko]vpiai)< J2 ^J'2+ J2 ^1-^ 



E 



(aj-i,aj-2))%,i + (l - (aj,i,aj-2)))A:j,2| 
where 

jjF : £^ I jF-component of G K- is -£| 



[F:K] 

As in the unramified case, we can prove that (a^^i, 0^,2)) < 1/2, using the 

condition that x 7^ X*^ on /k'. So the condition (Rz) is automatically satisfied by 
the condition (i?). 

To summarize, D = (Fq E)ei ® {Fq (E)q^ E)e2 with iV 0, 

«i'(ej,i) = — ei+1,1, (/-(ei, 2) = —6^+1,2, if i = (mod toq), 

(^(61,1) = ei+1,1, (/'(ei,2) = 6^+1,2, if i ^ (mod mo) 

for tti e i?^, 

aei = ei, iei = 62, gei = (l x(3))ei, 

(762 = (-1)^62, ie2 = (1 «)t^*((5o))ei, 562 = (1 x'^(3))e2 

for 5 e I{F/K') and, for j such that kj,i < fcj.2, 

for (aj,i,aj,2) £ PH-E-) where 

2[if : Ko] vp{ai) = ^(/cjm + fcj,2). 
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